Abstract. In this paper, a practical directional radiation metamaterial lens using quasi-conformal transformation (QCTC) method is proposed. The design of arched metamaterial lens can be widely put on any conformal antenna shaped in arc or cylinder, and behaves similarly to a linear array antenna. In the proceeding of designing, QCTC method is employed to minimize values of permittivity and permeability in lens's transform medium. Moreover, this method overcomes the shortcomings of singular values and computational complexity compared to traditional transformation optics. The lens made of quasi-isotropic material can perfectly balance realization and performance. Besides, the constitutive parameters are computed using Laplace equations with Robin boundary condition instead of traditional Dirichlet and Neumann conditions. Through compared simulation results in different situations using COMSOL Multiphysics, verifying the correctness of lens designed.
Introduction
Since U. Leonhardt and J. B. Pendry respectively proposed theories on optical conformal mapping and controlling electromagnetic fields in 2006 [1, 2] , transformation optics (TO)have made a major step forward, and widely used in many applications for microwave and radiation frequency field. The most famous example is invisible cloak [3] [4] [5] [6] [7] that can protect the inner object from detecting by incident wave. In addition, TO devices also include illusion devices [8] [9] , field concentrators [10] , rotators [11] , antennas with transformation lenses [12] . Although these designs using traditional TO have good results in simulations, the problem of both permittivity and permeability parameters are anisotropic and singular, thus hindering the practical implementation. Furthermore, the devices designed by TO subject to narrow frequency band due to transform media using resonant materials. Therefore, traditional TO leaves a huge challenge for practical implementation. A better method is urgently needed to solve this problem. In 2008, J. Li and J. B. Pendry firstly proposed a numerical method to definite a quasi-conformal transformation for minimizing the anisotropy of material. The character of devices designed by QCTC is that constitutive parameters are quasi-isotropic and homogeneous. This feature makes implementation becoming easier than before. In the same time, its operation band is also broad. QCTC has been increasingly applied to design some devices, such as carpet cloaks [13] ,bend waveguides [14, 15] and lens [16, 17] . Some of them are designed by dielectric material or gradient-index metamaterial, so the transformation media based on QCTO can be realized in common material.
In this article, a 2D conformal metamaterial lens is designed, which is composed of quasi-isotropic dielectric materials. Although it is a 2D geometry, it can be transformed into a 3D device through extruding to z axis' direction. The metamaterial lens filling with transformation media can radiate as a linear array that equipped a reflector, strengthening radiation power of antenna in one direction. Firstly, the principle of designing based on QCTO will be introduced. Then, designing ideas and relative formulas will also be explained in detail. At last, through comparing with linear array, conformal lens without lens and metamaterial lens using traditional designing method, corresponding simulation results are listed and analyzed.
Design of A Radiation Enhancing Lens
This metamaterial lens is designed based on quasi-conformal transformation theory. The core idea is computing a set of Laplace equations with two kinds of boundary conditions, called Dirichlet boundary condition and Neumann boundary condition. In Fig. 1 , there are two illustrations for virtual space and physical space. The virtual space ABCD in the (x,y) coordinates is filled with air, as Fig.  1(a) . The physical space A'B'C'D' in the (x',y') coordinates is filled with transform medium. As depicted in the graph, points A',B',C' and D' in the physical space have the same coordinates as A,B, C and D in virtual space. Generally, space transformation in fact is coordinate mapping between different coordinates. Therefore, Jacobian matrix J = (x',y')/(x,y)is used to represent mapping from virtual space to physical space. In contrast, reverse matrix should be computed if mapping is from physical space to virtual space as the aim of this article. In order to get the permittivity and permeability of transform lens, it is necessary to solve Laplace's equations in the physical space with Robin boundary conditions. Laplace's equations and specific boundary conditions as following [18] :
In the equations, is the normal vector to the surface of boundaries. For simplicity, a TE wave is adopted in simulation, which only has z component electric field. Therefore, the constitutive parameters of transform medium are computed as
In equation (4) , and are partial derivatives with respect to x, and is partial derivative with x' to y. Only one component of constitutive parameters is inhomogeneous, so it is quasi-isotropy. But there is not much difference of size between virtual space and physical space. Li and Pendry have demonstrated that the small anisotropy can be ignored in this case [13] . For transverse wave (TE) in 2D module, permittivity and permeability of transform medium can be further simplified as:
This simplification minimizes anisotropy of transform medium, and largely decreases the difficulty of fabrication in practice. The relative constitutive parameters can be computed using a partial differential equation (PDE) solver in COMOSL.
Numerical Validation of Design
In order to validate the result and analyze the performance of radiation enhancing lens, different simulation results of design will be compared in this section, which computed by COMSOL Multiphysics based on finite element method. The operation frequency is 6GHz, and the geometrical parameters of this lens are: L =266 mm, h = 80mm, r1 = 300 mm, r2 =290 mm. The two curve boundaries of arched lens have the same curvature, so as to specially suit for arc shaped or cylindrical array antennas. As shown in Fig. 1 , the array antenna is composed of eight dipole antennas, which are point sources with interval λ/2.They both have the equal amplitude and phase, in addition, a reflector made of PEC is attached to the bottom for strengthening forward radiation. Not only is it helpful to enhancing the performance of array to some extent, but also protect behind equipment from interference. As shown in Fig. 2 , z component electric field distributions ( ) of various array antennas are presented. The designs in Fig.2 (a) and (b) represent the s of a linear array and an arc-shaped conformal array respectively. It is obvious that the distribution of conformal array without lens is emanative and weak in front direction compared to original linear array. Two kinds of conformal arrays with lens have effectively improved the performances of radiation, and behaved as linear array in most extent. In another hand, energy density distribution of an array also can directly reflect the radiation's strength in whole space. In Fig. 3 , the energy density distributions of distinct array antennas are presented. Energy density of a linear array and a conformal array are illustrated in Fig. 3 (a) and (b) . It is shown that conformal array's energy of radiation has severely degraded. After adding lens, distorted radiated beam is modified as Fig. 3. (c) and (d) .Especially, the performance of lens designed by Robin boundary condition is almost consistent to the linear array. Therefore, the lens designed using Robin boundary condition performs better than traditional method using Dirichlet and Neumann boundary conditions.
Summary
This article has proposed a directional radiation lens based on QCTC, which has the feature of a linear array. In addition, this lens is designed by solving Lapalace equations with Robin boundary condition. In order to prove its performance, this lens is compared with linear array, conformal array and conformal array with lens designed by traditional method in COMSOL Multiphysics. The simulation results demonstrated that the performance of lens designed by Robin boundary condition is superior to traditional method with Dirichlet and Neumann boundary conditions. It suits for putting on any arc-shaped or cylindrical conformal antenna. Although only the 2D lens is discussed, it can be easily extended to 3D lens by extruding this model along z-axis. Therefore, this design has a great potential for practical application.
